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Abstract. This paper presents the influence of surface energy effects on the deflection of
circular nanoplate with two-parameter elastic substrate. The governing equation for
axisymmetric bending of the nanoplate, based on the Gurtin-Murdoch surface elasticity
theory, resting on a Winkler-Pasternak elastic foundation is derived from a variational
approach based on the concept of minimum total potential energy. The analytical general
solution to the governing equation is then obtained in terms of the modified Bessel
functions. Finally, closed-form solutions for deflections, bending moment and transverse
shear in the nanoplate subjected to normally distributed loading are presented explicitly for
the boundary conditions of simple, clamped, and free edges. A set of numerical solutions
are selected to demonstrate the influence of surface material parameters and the substrate
moduli on the deflection and bending moment profiles of a silicon nanoplate on WinklerPasternak foundation. It is found that the nanoplate clearly shows size-dependent behaviors,
and becomes stiffer with the existence of surface stresses.
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1. Introduction
Nanoscience has greatly contributed to the
development of small-scale structures and devices in
various fields including medicine, electronics, fuel cells,
solar cell, modern batteries, and chemical sensors. For
example, logic and memory devices (LMD) have
prompted the creation of novel materials, processes, and
technologies to enable the production of more complex
devices with sub-micron and nanoscale dimensions. The
design of micro-and nano-electromechanical systems
(MEMS/NEMS) components requires useful knowledge
of physical and mechanical characteristics at the nanoscale
level. To improve the performance of such systems, a
better understanding of their mechanical behaviors is thus
required for the optimum design of nanoscale devices and
structures.
The traditional continuum mechanics approach has
been widely used to predict and understand the
mechanical behavior of nanoscale system throughout the
last twenty-five years. Although actual material behavior
could be achieved by experiments [1, 2], such findings are
still found to be highly reliant on test settings, and the
procedure is rather costly due to the need for highprecision equipment. An atomistic investigation revealed
that the energy related to atoms near the free surface differ
from that in the bulk material [3, 4]. The contribution of
surface energy effects then becomes significant for
nanoscale structures due to their large surface area to
volume ratio, and mechanical behavior becomes sizedependent, which was confirmed according to
experimental evidence [1]. Consequently, surface energy
effects and size-dependent material behaviors are included
in modified continuum-based simulation to represent the
behavior of nano-scale systems.
To account for the surface energy effects and sizedependent material behaviors, Gurtin and Murdoch [5, 6]
proposed a continuum-based model, known as the surface
elasticity theory, which has been applied to various
boundary value problems, including elastic fields in
layered elastic medium [7], dislocation problems [8], crack
problems [9-12], indentation problems [13-15],
nanobeams [16, 17], and thin films [18, 19]. In the GM
model, a zero-thickness elastic layer perfectly bonded to
the bulk material without sliding is characterized as the
surface. Several investigations revealed that the GM model
can account for nano-scale components accurately [3, 20].
Other continuum-based theories were also proposed,
which consider microstructural effects that are usually
overlooked in macroscopic continuum theory, and they
have been employed to display size-dependent behaviors
in various tiny-scale problems, such as the couple stress
[21, 22], the strain gradient [23-25], and the nonlocal
elasticity [26-33].
Nanoplates are utilized as building blocks in
nanocomposites
to
make
micro-and
nanoelectromechanical (MEM/NEM) devices such as pressure
sensors and resonators [34]. Understanding basic
characteristics of their behaviors at the nanoscale level is
100

critical for the design optimization of nanometric devices
and structures. Mechanical behaviors of these
components have thus become a focus of many studies in
nanoscience and nanoengineering. Several studies have
explored the size-dependent response of nanoplates based
on the GM model [3, 18, 19, 34-40]. A theoretical model
of a nano-plate supported by an elastic substrate has
important applications as it is a simple way to simulate the
interaction between two continuous media, such as
flexible structural parts in touch with any deformable
substrate. Many scientists have studied mechanical
behaviors of nanoscale structures sitting on elastic media
represented by different forms of substrate models. There
are two simplified elastic foundation models that have
been widely used in the representation of substrate media.
In the first model called the Winkler model [41], the elastic
foundation consists of discrete vertical springs that do not
account for transverse shear deformation, and the vertical
deflection and the contact pressure are proportionally
related at a contact point according to the spring stiffness.
Another model, known as the two-parameter model
or Winkler-Pasternak model [42], accounts for the impact
of shear interaction between the structure and its
supporting medium. The application of the two-parameter
model has been explored by several researchers in
nanomechanics problems. In the context of nanoplates,
the size-dependent behavior of a nanoplate on WinklerPasternak foundation was investigated by Zenkour and
Sobhy [43, 44] based on the nonlocal elasticity theory. Li
et al. [45] demonstrated the size-dependent effects of a
nanoplate using the modified strain gradient theory. The
influence of surface stress effects was also considered by
Kamali and Shahabian [46] for the case of a nanoplate
supported only on Winkler springs by adopting the GM
model. The literature survey reveals that the impact of
surface stress on a nano-plate with a Winkler-Pasternak
elastic base has never been addressed.
The main objective of the present paper focuses on
the bending response of an elastic circular nanoplate
sitting on a two-parameter elastic substrate medium under
axisymmetric vertical loading and the effect of surface
stresses. Other continuum-based theories that take into
account microstructural effects are not considered in the
present study. The GM elasticity theory [5, 6] and a
variational formulation are used to investigate this contact
problem. The minimization of the total potential energy
yields a differential equation for a circular nanoplate with
an elastic base and the contribution of surface energy. By
solving the governing equation, closed-form solutions are
determined for a uniformly loaded circular nanoplate
resting on a Winkler-Pasternak elastic foundation for
simple, clamped, and free edges, which can be utilized as
a benchmark in the development of numerical approaches
for the analysis of nanoplates with arbitrary-shaped or
more complex loadings and boundary conditions. Finally,
a set of numerical solutions are shown for deflection and
bending moment profiles to demonstrate the contribution
of surface energy effects on the bending response of
nanoplate.
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2. Problem Description
Figure 1 shows an elastic circular nanoplate with
radius, a, and thickness, h, supported on an elastic
substrate under axisymmetric transverse loading p ( r ) .
The supporting medium is represented by a twoparameter elastic foundation consisting of the modulus of
Winkler foundation, kw, to portray the vertical stiffness of
substrate, and the modulus of Pasternak foundation, Gp,
to characterize an incompressible shear layer, which only
deforms in transverse shear [41, 42]. Let w( r ) be the
vertical deflection of a mid-plane of circular nanoplate.
The contact pressure, q ( r ) , under the plate on the
Pasternak's two-parameter elastic foundation can be
represented by,
  2 w ( r ) 1 w ( r ) 
q ( r ) = kw w ( r ) − G p 
+

2
r r 
 r

(1)

Under an axisymmetric deformation, the
displacement components of a Kirchhoff plate of uniform
thickness can be expressed as follows:
dw ( r )
ur = − z
; uz = w ( r )
(2)
dr

z

where the superscript “s” denotes parameters related to
the surface;  s and  s denote surface Lamé constants; and
 s is the residual surface stress (or residual surface tension)
under unstrained conditions, and it is assumed to be
constant.
The normal (out-of-plane) stress  zz is disregarded in
the classical theory of thin plates since it is negligible when
compared to other stress components. Under the surface
stress effects, the bulk stress tensor  zz is assumed to
linearly vary along the plate thickness, h, to fulfill the
equilibrium requirements along the interface, and  zz can
then be written as [19, 34],
 zz =

1 +
( zz +  zz− ) + hz ( zz+ −  zz− )
2

(7)

where  zz+ and  zz− respectively represent the out-of-plane
stresses that exert on the top and bottom surfaces of the
plate. In addition, Young-Laplace equation for the top and
bottom surfaces can be expressed as [36]
 zrs   zrs 
+
r
r

 zz = 0

(8)

where  zrs + and  zrs − respectively denote the stresses at the
top and bottom surfaces of the nanoplate. Based on Eqs.
(7) and (8), the bulk stress  zz in the nanoplate based on
the GM model can then be written as,
 zz =

2
2 s z  d w ( r ) 1 dw ( r ) 
+


h  dr 2
r dr 

(9)

p(r)

In view of Eqs. (2) to (6), the normal stresses  rr and
a

h

  can also be expressed in terms of w( r ) as,

r
Shear layer

 rr =

 =  + ( 2 +  ) + (  +  )
s

s

 zrs =  s

 rrs =

s

s

s

s

duzs
dr

durs
;
dr

s

s
rr

(4)
(5)

s =

urs
r

(6)

 d 2 w ( r )    z dw ( r )  
 − z
+
−

dr 2  1 −   r dr  


2
2 s z  d w ( r ) 1 dw ( r ) 
+
+


1 −  h  dr 2
r dr 



Fig. 1. Circular nanoplate on two- parameter elastic
substrate medium.
To integrate the surface energy influence into the
bending of nanoplate, the Gurtin and Murdoch's
continuum theory [5, 6] is then adopted. According to the
GM model, the plate consists of an elastic surface with
mathematically zero thickness that is completely bonded
to the bulk material. The governing equations for the bulk
are taken from the traditional theory of elastic plates [47].
For the surface, the constitutive relations and straindisplacement relationship can respectively be stated as [5,
6],
(3)
 rrs =  s + ( 2 s +  s ) rrs + ( s +  s )s

E  1

1 +  1 − 

  =

2
E  1  z dw ( r )    d w ( r )  

 − z

−
+
1 +  1 −   r dr  1 −  
dr 2  
 2 s z  d 2 w ( r ) 1 dw ( r ) 
+
+


1 −  h  dr 2
r dr 

(10)

(11)

where E and v are Young’s modulus and Poisson’s ratio
of the bulk material of nanoplate respectively.

3. Governing Equations and General Solutions
The governing equilibrium equation of a circular
nanoplate overlying a two-parameter elastic substrate
medium as illustrated in Fig. 1 can be established using a
variational technique [47, 48]. Let a total potential energy
of the nanoplate-substrate system in Fig. 1, denoted by  ,
be written as,
 = UB + Us + UF + W
(12)
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where UB, US, and UF represent the elastic strain energies
in the bulk material of nanoplate, in the surface of
nanoplate, and in the Winkler-Pasternak foundation
respectively. In addition, W represents the potential
energy due to a distributed load, p ( r ) . The above
variables in Eq. (12) are given by,
UB =

1
( rr rr +    )dV
2 V

(13)

Us =

1
( rrs  rrs  +  s s  + 2 zrs  zrs  )d 
2 

(14)

UF =

1 2 a
q ( r )  w ( r )  rdrd
2 0 0

(15)

1 2 a
p ( r )  w ( r )  rdrd
2 0 0

(16)

W =−

where V and  respectively denote the bulk volume and
surface area of nanoplate, and q ( r ) denotes the contact
pressure from the Pasternak elastic foundation given by
Eq. (1).
It can be shown that the total potential energy of the
system shown in Fig. 1 is expressed as,

1  
r 
r r  r 

D = D + (  s + 2 s )

(17)

In addition, D =

Eh 3
12 (1 − v 2 )

(19)

represents the flexural rigidity

of an elastic plate [47].
The bending moment and shearing force respectively
of a circular nanoplate are shown below.
Mr = D
102

 2 w D1 w
+
r 2
r r

 s vh 2

6 (1 − v )

+ ( s +  s )

h2
2

(23)

When the surface energy influence is ignored, the Eq.
(18) is simplified to the governing equation of a circular
plate on a two-parameter foundation [49]. On the other
hand, if the two-parameter elastic model (kw and Gp) is
discarded from the present model, Eqs. (18) to (23) are
reduced to the bending equation of a circular nanoplate,
which was derived from the equilibrium of an infinitesimal
plate element [36]. The classical Kirchhoff equation for
the plate bending can also be obtained from the current
study by neglecting both elastic substrate and the influence
of surface stresses (i.e., the parameters kw and Gp as well
as  s ,  s , and  s are all set to be zero).
The complete solution of the governing equation, Eq.
(18), is a sum of a complementary function, wc, and a
particular integral, wp. Two different forms of wc exist
depending on the condition of
2

(G D )

2

− 4 kw D . If

− 4 kw D is non-negative, i.e., the interaction

(24)

and
2


2

 1
G
G
kw 
1 
 2 =     − 4 
D
D

 D
 2 
 2



(20)

G = G p + 2 s

D1 = vD −

wc ( r ) = C1I 0 (1r ) + C2 I 0 ( 2r ) + C3 K0 (1r ) + C4 K0 ( 2r )

is the Laplace operator, and
h2
 s vh 2
−
2 6 (1 − v )

(22)

between the plate and the substrate is controlled by the
shear layer, the complementary function can be written as
[48-50]

The minimization of the total potential energy given by
Eq. (17) together with the subsequent integration by parts
yields the following governing equation for a circular
nanoplate sitting on a two-parameter elastic substrate
medium.
(18)
D 4 w − G 2 w + kw w = p ( r )
where 2 =

 2
w
 w + 2 s
r
r

where

(G D )

 Eh3   2 w 1 w  2 2 (1 − v )  2 w w  

 2 +

 −
2
r r 
r
r 2 r  
a
12 (1 − v )  r
 rdr
 = 

0
2
s
2
2
  vh   w 1 w 

−

 2 +

6
1
−
v

r
r

r
)
 (


2
2


h2    2 w 
1 w  
(  s + 2  s )   2  + 

 

2  r   r r 

a



+  
rdr
0
2
2


s  w 
s
s
2  1 w    w 
+2 
 + ( +  ) h 
  2 
 r 
 r r   r  

2
a
a
  w 1 w  

+  k w w2 − G p w  2 +
 rdr −  0 p ( r )  w ( r )rdr
0

r
r

r


 

Qr = − D

(25)

where I 0 and K 0 denote the modified Bessel function of
the first and second kind respectively [50], and C1 to C4
are the arbitrary constants that can be determined from
the boundary conditions.
2
When ( G D ) − 4 kw D is negative for the case where
the vertical stiffness characterized by vertical springs in the
substrate model is a predominant parameter, 12 and 22
become complex conjugates, and the solution of wc then
becomes,
wc ( r ) = C1I 0 ( r )r + C2 I 0 ( r )i + C3 K0 ( r )r + C4 K0 ( r )i
(26)
where the subscripts r and i are used to denote the real and
imaginary parts of the Bessel functions respectively.
Note that for the case of Winkler spring foundation
( G  0 ) , the four Bessel functions in Eq. (26) are reduced
to the ber, bei, ker, and kei functions [50], and the solution
of wc is given by,
wc ( r ) = C1ber ( r ) + C2bei ( r ) + C3ker ( r ) + C4kei ( r )
(27)

(21)
ENGINEERING JOURNAL Volume 26 Issue 10, ISSN 0125-8281 (https://engj.org/)

DOI:10.4186/ej.2022.26.10.99

4. Closed-form Solution for Uniformly Loaded
Nanoplate

Substituting Eq. (28) into Eqs. (21) and (22) yields the
solutions for slope, bending moment, and shearing force
of the nanoplate respectively as follows:

Consider a circular nanoplate sitting on a twoparameter elastic substrate as shown in Fig. 1. Generally,
the substrate medium is dominated by the vertical stiffness
2
(kw) thus ( G D )  4 kw D in Eq. (25). The solution of wc is
then given by Eq. (26). To satisfy the condition of zero
slope and zero shearing force at the center of the plate, C3
and C4 are set to zero in Eq. (26) to avoid a logarithmic
singularity as r → 0 due to the presence of the Bessel
function K 0 . Let the plate be subjected to a uniformly
distributed load of intensity p0 over its entire area. The
particular integral for this case is given by wp = − p0 kw ,
and the complete solution of the nanoplate-substrate
system shown in Fig. 1 then becomes

w
= C1 (  I1 ( r )r −  I1 ( r )i ) + C2 (  I1 ( r )i +  I1 ( r )r )
r

w ( r ) = C1I 0 ( r )r + C2 I 0 ( r )i −

p0
kw

(

Built-in or clamped boundary:
w
=0
r r = a

w( r ) r =a

and

(iii)

Free-edge boundary:

Mr

r =a

=0

w( r ) r = a = wf ( r )

and
r =a

Qr

(30)

r =a

 w
w 
= Gp  f −
 (31)
r r = a
 r

)






(36)

(37)

 C1 (  I1 ( r ) −  I1 ( r ) ) 
r
i

+2 s 
 +C (  I ( r ) +  I ( r ) ) 
2
1
1
i
r 


where  and  denote the real and imaginary parts of the
parameter  respectively.
In view of Eqs. (28), (29) and (36), the arbitrary
constants C1 and C2 corresponding to the case of a simplysupported nanoplate under uniform loading are given by,

(32)

where wf ( r ) denotes the deflected shape of the substrate
medium, which is obtained by solving the following
homogeneous differential equation beyond the plate edge
[48].
G p  2 w f ( r ) − kw w f ( r ) = 0
for
ar 
(33)

(

 (  2 −  2 )   I1 ( r ) −  I1 ( r )  
r
i


Qr = − DC1 
 −2   I ( r ) +  I ( r ) 

1
1
i
r




 (  2 −  2 )   I1 ( r ) +  I1 ( r )  
i
r


− DC2 
 +2   I ( r ) −  I ( r ) 

1
1
r
i





(28)

To determine the two arbitrary constants, C1 and C2,
the following equations are applied to represent different
boundary conditions at the plate edge.
(i)
Simply-supported boundary:
(29)
w( r ) r = a and
M r r =a = 0
(ii)

)

C1 (  2 −  2 ) I 0 ( r ) − 2 I 0 ( r )
r
i

Mr = D
2
2
+C2 (  −  ) I 0 ( r )i + 2 I 0 ( r )r
  

 
C1  − r I1 ( r )r + r I1 ( r )i  
 
 
+D 

 + C  −  I ( r ) −  I ( r )  
1
i
r 
 2  r 1
r

 

 
C1  r I1 ( r )r − r I1 ( r )i  
 
 
+ D1 

 + C   I ( r ) +  I ( r )  
2
1
1

i
r 

r
r


(35)

C1 =

p0
A4

kw A1 A4 − A2 A3

(38)

C2 =

p0
− A3

kw A1 A4 − A2 A3

(39)

where

A1 = I 0 ( a )r ;

A2 = I 0 ( a )i

(40)





A3 = D  (  2 −  2 ) I 0 ( a )r − 2 I 0 ( a )i − I1 ( a )r + I1 ( a )i 
a
a



The second condition in Eq. (31) for free-edge
boundary accounts for the effect of the shearing stresses
in both the substrate medium and the nanoplate. Besides,
Eq. (32) is also imposed to ensure the continuity of
displacements (between plate and substrate) at the plate
edge. The solution for Eq. (33) is given by
wf ( r ) = C5 I 0 (  r ) + C6 K0 (  r )
(34)




+ D1  I1 ( a )r − I1 ( a )i 
a
a


where C5 and C6 are arbitrary constants, and  = kw G p .
Note that the constant C5 is ignored in Eq. (34) to avoid
the singularity in the solution due to the Bessel function
I0 .

Similarly, the arbitrary constants C1 and C2
corresponding to the case of a built-in nanoplate can be
determined from Eqs. (28), (30) and (35), and they are
given as follows:

(41)





A4 = D  (  2 −  2 ) I 0 ( a )i + 2 I 0 ( a )r − I1 ( a )i − I1 ( a )r 
a
a





+ D1  I1 ( a )i + I1 ( a )r 
a
a


C1 =

(42)

( p0 kw )  (  I1 ( a )i +  I1 ( a )r )
(43)
A1  (  I1 ( a )i +  I1 ( a )r ) − A2  (  I1 ( a )r −  I1 ( a )i )
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C2 =

( p0 kw )  ( − I1 ( a )r +  I1 ( a )i )
A1  (  I1 ( a )i +  I1 ( a )r ) − A2  (  I1 ( a )r −  I1 ( a )i )

(44)
Finally, the arbitrary functions are obtained from Eqs.
(28), (31), (32), and (34) – (37) for the case where the edge
of the nanoplate is free from any restraint, and they are
given by,
( p0 kw )  ( A4G p  K1 (  a ) )
(45)
C1 =
−G p  K1 (  a )  A3 A2 − A4 A1  − K 0 (  a )  A3 A6 − A4 A5 
C2 =
C6 =

( p0

kw )  ( − A3G p  K1 (  a ) )

−G p  K1 (  a )  A3 A2 − A4 A1  − K 0 (  a )  A3 A6 − A4 A5 

( p0

kw )  ( A3 A6 − A4 A5 )

−G p  K1 (  a )  A3 A2 − A4 A1  − K 0 (  a )  A3 A6 − A4 A5 

(46)
(47)

where

(

A5 = D −   (  2 −  2 ) − 2 2  I1 ( a )r +  (  2 −  2 ) + 2 2  I1 ( a )i

+ ( 2 + Gp ) (  I1 ( a )r −  I1 ( a )i )

(a)

)

(48)

s

(

A6 = D −   (  2 −  2 ) − 2 2  I1 ( a )i −  (  2 −  2 ) + 2 2  I1 ( a )r

+ ( 2 + Gp ) (  I1 ( a )i +  I1 ( a )r )

)

(49)

s

5. Numerical Results
Explicit expressions for vertical deflection, bending
moment and shear of the nanoplate sitting on a twoparameter elastic substrate medium under uniformly
distributed loading are given in the preceding section. The
following normalized parameters are employed in the
display of numerical solutions:
K* =

kwa 4
D

and

G* =

Gp a 2
D

(50)

Fig. 2. Comparisons for normalized deflection of a circular
plate on two- parameter elastic substrate medium without
surface energy effects.

104

(b)
Fig. 3. Profiles of (a) normalized deflection and (b)
normalized bending moment of a uniformly loaded
circular nanoplate on two-parameter elastic substrate.
To verify the validity of the derived analytical
solution, the comparison with existing solutions for a
limited case of a circular plate on a two- parameter elastic
substrate medium is performed. Figure 2 illustrates a
comparison of normalized deflection profiles of a circular
plate under constant loading p0 between the current
solution, without the contribution of surface energy
effects ( by setting  s ,  s and  s  0 ) , and the analytical
solution proposed by Yu [51]. The circular plate, with a
radius of 10 m and a rigidity modulus of D = 106 Nm, is
considered for two types of boundary conditions, simple
and clamped edges, and a uniform pressure of p0 = 1 kPa.
In addition, the normalized values of the moduli of
Winkler and Pasternak foundations are defined
respectively as K* = 200 and G* = 3. It is obvious from
Fig. 2 that the plate deflection profiles from the two
solutions agree very well along the plate radius for both
simple and clamped supports.
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(a)

(a)

(b)
Fig. 4. Profiles of ( a) normalized vertical deflection and
( b) normalized bending moment of a uniformly loaded
circular nanoplate with simple support on two- parameter
elastic substrate for different values of K*.

(b)
Fig. 5. Profiles of ( a) normalized vertical deflection and
( b) normalized bending moment of a uniformly loaded
circular nanoplate with simple support on two- parameter
elastic substrate for different values of G*.

The contribution of surface stress effects on flexural
behaviors of a circular nanoplate lying on a two-parameter
elastic substrate medium is explored next by considering
the case of a silicon nanoplate. The bulk and surface
material parameters of silicon were obtained from
atomistic simulations [52]. The surface material values are
defined as  s = 4.4939 N/m,  s = 2.7779 N/m, and  s =
0.6056 N/m while the bulk properties are E = 107 GPa
and  = 0.33 for the nanoplate. To illustrate the surface
energy influence, the corresponding classical solutions (  s ,
 s and  s  0 ) are also presented in all figures in this
section with the broken lines.

Figures 3 (a) and 3 (b) respectively show the radial
profiles of normalized deflections and bending moments
of a circular silicon plate, with a = 10 nm and h = 2 nm,
sitting on a two-parameter elastic substrate medium (K* =
100 and G* = 5) under a constant external load, p0 and
simple, clamped, and free supports. Due to the boundary
conditions, the deflections at the simple and clamped
supports are zero, and the bending moments are then
vanished along the simple and free supports as shown in
Figs. 3(a) and 3(b) respectively. It is also found that the
maximum central deflection occurs in the nanoplate with
the free support, followed by the simple and clamped
supports respectively. In addition, the maximum mid-span
bending moment is observed in the clamped plate whereas
the free-supported plate yields the minimum moment. It
is also evident from both Figs. 3 (a) and 3 (b) that although
the current and classical elasticity solutions show
comparable patterns for both normalized deflections and
bending moments and all boundary conditions, a
significant influence from the surface energy is illustrated
in the difference between both solutions, especially near
the nanoplate center. Besides, Figure 3 (a) shows that the
normalized deflection of the nanoplate is lower than the
classical plate deflection but the normalized bending
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moment under the impact of surface stresses is higher in
the Fig. 3 (b) implying that the existence of surface stresses
renders the nanoplate stiffer under all support situations.

radial profiles shown in Figs. 4 and 5 reveal that
normalized plate deflections and bending moment
decreases with the increment of the substrate parameters
K* and G* respectively. The bending response of nanoplate
thus shows a significant dependence on the two substrate
parameters.

(a)
(a)

(b)
Fig. 6. Profiles of ( a) normalized vertical deflection and
( b) normalized bending moment of a uniformly loaded
circular nanoplate with simple support on two- parameter
elastic substrate for different values of  s .
Next, the effects of substrate parameters on the
bending of circular nanoplate are examined via the
deflection and bending moment profiles of the nanoplate.
Figures 4 and 5 show the influence of substrate moduli K*
and G* respectively on a uniformly loaded silicon plate,
with a = 10 nm, h = 2 nm and simply-supported edge,
lying on a two-parameter elastic substrate. In Figs. 4 and
5, four different values of K* are considered, i.e., K* = 20,
50, 100 and 200, whereas the values of G* are varied from
0 to 15. The values of K* are selected to fall within the
typical range of K* employed in previous studies on
nanoplates on elastic substrate [36, 43-46]. In addition, the
values of G* are chosen to represent a common substrate
medium that is dominated by the vertical stiffness, and the
complete solution of the nanoplate deflection is then
given by Eq. (28). A significant contribution from the
surface energy effects on the normalized deflection and
bending moment of nanoplate is once again evident from
Figs. 4 and 5. A nanoplate becomes stiffer, i.e., the plate
deflection is reduced but the bending moment increases,
with the existence of surface stresses. Furthermore, the
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(b)
Fig. 7. Profiles of (a) normalized vertical deflection and (b)
normalized bending moment of a uniformly loaded
circular nanoplate with simple support on two-parameter
elastic substrate for different values of  s .
In Figs. 6 to 8, the influence of surface parameters on
flexural behaviors of a circular nanoplate with simplysupported edge lying on a two-parameter elastic substrate
medium is investigated. The normalized values of the
moduli of Winkler foundation and Pasternak foundation
remain unchanged (K* = 100 and G* = 5) and  s = 0.6056
N/m for the silicon plate with a = 10 nm and h = 2 nm.
Figures 6 and 7 show radial profiles of normalized
deflection and bending moment for different values of
surface Lamé constants with 0s = 4.4939 N/m and 0s =
2.7779 N/m. The numerical results for the current study
and the classical solution in Figs. 6 and 7 exhibit similar
trends for both the deflections and bending moments at
various values of surface Lamé constants,  s and  s .
Apparently, the present solution clearly produces smaller
deflections but higher bending moments (i.e., the
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nanoplate is strengthened) by raising the values of either
 s or  s .

(a)

smaller than the corresponding classical solution when
 s  5 0s .

Fig. 9. Variations of normalized central deflection and
normalized bending moment with the normalized plate
radius a  for a uniformly loaded circular nanoplate with
simple support on two-parameter elastic substrate.
The final set of the numerical solutions highlights the
size-dependent behavior of the nanoplate when the
existence of surface energy effects is detected with the
surface material characteristics given by  s = 4.4939 N/m,
 s = 2.7779 N/m, and  s = 0.6056 N/m. In addition,
 =  s (  + 2 ) 2 (  +  ) is a characteristic length of the

(b)
Fig. 8. Profiles of (a) normalized vertical deflection and (b)
normalized bending moment of a uniformly loaded
circular nanoplate with simple support on two-parameter
elastic substrate for different values of  s .
Figure 8 shows the effects of residual surface stress,
 s , on the deflection and bending moment of the

nanoplate. The values of  s are varied, i.e.,  0s = 0 , 2 0s , 5 0s ,
10 0s when  0s = 0.6056 N/m, with other material
parameters unchanged. Similar to what observed from the
influence of surface Lamé constants in Figs. 6 (a) and 7 (a),
the deflection of the nanoplate in Fig. 8 (a) is smaller than
the classical solution due to the surface stress effects, and
the deflection is reduced with increasing the values of
residual surface tension  s . However, unlike the cases of
surface Lamé constants,  s and  s illustrated in Figs. 6 (b)
and 7 (b) respectively, the bending moment of nanoplate
decreases with increasing the values of  s as shown in Fig.
8 (b). This is due to the fact that the residual surface
tension has an adverse effect on the flexural rigidity of
nanoplate (see Eqs. (19) and (23)) thus, by increasing the
value of  s , the nanoplate becomes more flexible, and the
bending moment is then reduced. Besides, it is also found
that the bending moment from the current study becomes

nanoplate where  s =  s + 2 s , l and m denote Lamè
constants of the bulk material of nanoplate, and L =
0.1674 nm for silicon nanoplate. Figure 9 depicts the radial
variation of deflection and bending moment of a
uniformly loaded nanoplate with a simply-supported edge.
Under the impact of surface stresses, a size-dependent
behavior in the bending response of nanoplate is obvious
from Fig. 9 with the normalized deflection and bending
moment highly dependent on the normalized plate radius
a  . As the normalized radius of the nanoplate increases,
the current solution that accounts for surface energy
effects converges to the classical counterpart, which is
clearly size-independent.

6. Conclusions
This work examines the influence of surface energy
effects on an elastic circular nanoplate sitting on a twoparameter elastic substrate medium under axisymmetric
transverse loading by adopting the GM surface elasticity
theory and a variational formulation. Closed-form
analytical solution for this contact problem is successfully
derived for a uniformly loaded nanoplate with simple,
clamped, and free supports. Numerical solutions
presented in this paper indicate that the bending of the
nanoplate depends significantly on the influence of
surface energy effects and the substrate moduli. Under the
surface stresses, the nanoplate deflection decreases by
increasing each surface material constant. The normalized
bending moment increases with increasing the surface
Lamé constants, but it is reduced when the residual surface
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tension increases. In addition, the nanoplate exhibits a
size-dependent behavior in bending due to the existence
of surface energy effects. The size-dependent behavior
vanishes as the radius of nanoplate increases, and the
current results finally converge to the classical
counterparts.
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