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Abstract. Scatterings of electrons by ionized impurities in semiconductors have been
comprehensively explored by various methods. However, the electron-impurity scattering
was not investigated under an electric field at thin silicon (Si) films. The effects of electric
field on electronic thermal conductivity in thin Si films at different doping concentration at
room temperature are investigated by using an analytical model based on the Boltzmann
transport equation with the relaxation time approximation. As expected, the electronic
thermal conductivity increases as the external electric field increases. More importantly, we
show that the scattering between carrier and impurity is a dominant scattering mechanism
in Si films at high doping level such as above 10 18 cm-3 under the influence of an electric
field. The effect of the electron-phonon interaction on the electronic thermal conductivity
of silicon can be neglected because electron mean free path is significantly reduced due to
the impurity scattering and the effect of electric field. Since there is no experimental
attempt to measure the electron and the phonon thermal conductivities with the electric
field applied, the result is given of some simplified concepts that will contribute to a better
understanding of electron transport fundamentals.
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1. Introduction
After the introduction of nanotechnology,
MicroElectro Mechanical Systems (MEMS) fabrication
makes a thin silicon (Si) film a useful material in many
devices such as sensor, actuator, and electric devices [1].
Because phonons play a major role in the thermal
transport of Si, phonon manipulation is the most
interesting topic in the design of Si-based electronics
devices for engineering applications [1-4]. Although a
bulk Si has a good thermal conductivity (~148 W/mK at
300 K), the lateral thermal conductivity of a sub-100 nm
thick Si layer, which is used extensively for MEMS
process, can be reduced to the value of several 10
W/mK at 300 K [2, 3]. This significantly reduced thermal
conductivity is mainly caused by reduced mean-free paths
of phonons due to the phonon-boundary scatterings.
It has been well known that phonon transport in the
materials might be influenced by the processes of the
electron-phonon interactions [2, 3]. Therefore,
understanding electron-phonon interaction is very
important in the study of thermoelectrics [4],
superconductivity [5, 6], heat generation problems in
electronic devices [7, 8], and phonon transfer regulation
[9]. However, the fundamental understanding of both
electrical and thermal transport with an electric field is
rather limited: for example, Bolin et al. [4] showed a
significant reduction of the lattice thermal conductivity at
room temperature as the electron concentration goes
above 1019 cm−3 and the reduction reaches up to 45% in
p-type Si at around 1021 cm−3. However, they did not
consider the electric field effect. And really fewer studies
are conducted to investigate the electric field effect on
both electron and phonon transport, especially in a thin
Si film.
At sub-micron length scales, the conventional heat
diffusion (Fourier’s law) cannot be employed because
both the ballistic phonon transport and the phononboundary scattering become dominant, and the
relaxation time of energy carriers is finite [1, 7]. The
thermal behavior of energy carriers such as phonons and
electrons can be investigated by using the Boltzmann
transport equation (BTE) in the regime where the
particle description of energy carriers is valid [1, 7].
Recently, as a computational tool for studying heat
conduction in nanostructures, the electron-phonon
interaction model was developed and widely applied to
calculate the thermal properties in Si based devices
during the last decade [7, 8, 10, 11]. Among the works,
the thermal conductions of each energy carrier (phonon
and electron) in Si were investigated by using a modified
version of the electron-phonon interaction model with
varying the doping concentration and the Si-layer
thickness [11].
Doping process is extensively used in semiconductor
industries to improve the electrical characteristics of Si by
adding impurities into an intrinsic Si intentionally. For
example, the carrier concentrations must be manipulated
to achieve the n-type and p-type semiconductors
employed in the fabrication of devices: The source and
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drain regions of transistor are highly doped (above ~10 20
cm-3) with dopants to augment electrical conduction by
increasing carrier concentration [11]. As mentioned
before, the thermal conductivities of Si based
nanostructures can be reduced by one or two orders of
magnitude from the bulk value due to the phononboundary scattering. In addition to this boundaryphonon scattering, the implanted impurity atoms also
deteriorate the thermal conductivities of thin Si films due
to increasing phonon-impurity scattering events [11].
Electron, which is a kind of energy carrier, is also in the
same situation. Therefore, for the development of
efficient electronic devices, a study on the movement of
electrons in silicon-based electronic devices is important.
To the best of our knowledge, there has no study of
the electric field dependent electron transport in Si films
at different doping concentrations. In the present study,
the phosphorus that is the most representative n-type
dopant is used as a doped impurity in thin Si films, and
the electric field effects is investigated to estimate carrier
conduction in Si layer by using a revised electron-phonon
interaction model. Actually, the electric field has a
different local distribution even at the same doping level
depending on the doping distribution configuration. But
this effect is neglected in this study for the sake of
simplification. However, the data provided here can be
used for the fundamental understandings of a thermal
energy transport in a highly doped region of electronic
devices.

2. Revised
Forms
Interaction Model

of

Electron-Phonon

2.1. Phonon Boltzmann Transport Equation
In order to calculate thermal energy transfer between
phonons and electrons, we employed an analytical model,
the electron-phonon interaction model that is based on
the phonon Boltzmann transport equation. The details of
the important physical concept of the electron-phonon
interaction model have been described elsewhere [7, 8, 10,
11]. Here we start from the version used in Ref. 11 to
calculate the phonon’s contributions to thermal
conductivity in Si films with varying the doping
concentration. Under the relaxation time approximation,
the phonon BTE’s for each acoustic and optical mode
are shown as [11]:
ei
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Fig. 1. Coordinate system and definition of phonon
direction ŝ . In the figure,  and  denote the polar angle
and the azimuthal angle, respectively.
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The definition of all the physical parameters used in the
above equations can be found in Ref. 11: In short, ee is
the electron energy concentration, Ci, Co, and Ce are the
specific heats of i-th acoustic and optical phonon bands,
and the electrons, respectively. T ref is the reference
temperature (here, Tref = 300 K), and vi is the i-th phonon
group velocity, which is computed from the phonon
dispersion relation ( vi = i / ki where i and ki are the
i-th phonon frequency and wavenumber, respectively). ŝ
is the unit direction vector (see Fig. 1 for details). In this
work, the effect of doping concentration on the phonon
dispersion relation is not considered for the sake of
simplicity. ei and eo are the volumetric energy densities
for a given acoustic band for each direction ( ŝ ) and for
optical band, respectively. ei0 is the equilibrium energy
concentration of phonons. Tij and Toj are the interaction
temperatures among acoustic (i and j) phonons and
optical (o) phonon, ij, ii and oj are the scattering rates
for each scattering process. T e j is the interaction
temperature corresponding to the electron and acoustic
phonon interaction (Tea) or optical phonon interaction
(Teo). Nbands is the total number of frequency bands, i.e.
Nbands = NLA + NTA + 1, where NLA, NTA, and unity are
the number of frequency bands in longitudinal and
transverse acoustic phonons and optical phonons,
respectively (in this work, NLA = NTA = 6 as used in Refs.
7, 8, and 11). The impurity scattering rates  imp,i is
incorporated into the first term on the right hand side of
Eq. (1) to account for the effects of inelastic scattering
between doped impurity and phonon. Also int, f, and g
represent the scattering rates corresponding to intravalley
interaction, f-process, and g-process through intervalley

Fig. 2. Schematic of calculation domain with the heat
flux ( qx ) caused by the thermal gradient (dT/dx) and the
electric field (Ex) caused by the applied voltage (Va) in
the x-direction. In this study, Si film’s thicknesses (L)
considered are 20, 50, 100 nm.
interaction, respectively. Thus, the first term is account
for the effects of phonon dispersion and phononimpurity scattering. The second term means the
polarization effect of acoustic phonon mode. The third
term on the right side of Eq. (1) corresponds to the
energy exchange between electron and acoustic phonon
mode through intravalley and intervalley processes. For
the optical mode BTE, the three terms in the right hand
side of Eq. (2) denote phonon polarization effect and fand g-processes through intervalley interaction between
electron and optical phonon mode, respectively (refer to
Refs. 7, 8 and 11 for more detail). The specific heats of
each phonon mode (Ci and Co) are used as provided in
[12], and the specific heat of electrons (Ce) is calculated
by using the expressions shown in Refs. 7 and 8:
Ce =

 2  kBTe 

e kB ,
2  EF 

(3)

where kB is the Boltzmann constant, EF is the Fermi
energy, e is the doping concentration.
2.2. Electron Boltzmann Transport Equation
Generally, BTE based methods cannot be applied
for analyzing electron transport under the high electric
field in semiconductors due to the quantum effects such
as the intracollisional field effect and the interference
effect associated with strong electric fields [13].
According to the study conducted by Sano and Yoshii
[14], using the fully quantum mechanical method, the
conventional semi-classical description of carrier
transport based on the Boltzmann transport equation
breaks down when the electric field is above ~ MV/m.
In this study, the maximum strength of the electric field
considered here is only up to 4 MV/m so that BTE
based model could be applicable to our problems.
Moreover, as discussed by the author [8], with the
assumption that the electron relaxation times are
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independent of the strength and type of the perturbation,
the relaxation time approximation is valid for the
electron BTE.
Now in order to include the effects of an electric
field and impurity scattering, the original expression for
the electron BTE represented in Ref. 11 has to be
modified because the thermal gradient was only
considered in Ref. 11. The Si film layer that is subjected
to both the electric field and the temperature gradient in
the x-direction is shown in Fig. 2. In order to include the
electric field and impurity scattering effects, we should
add the external force term into the original formula, and
it can be expressed as:
5  Tea

ee →
e
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thermal gradient and the electric field. F is the external
force defined as F = e  E with the electronic charge e =
1.6 x 10-19 C and the electric field E . imp,e is the
scattering of electrons by ionized impurities in doped Si.
The energy exchange between electron and acoustic or
optical phonon mode is represented in the right hand
side of Eq. (4). Since the electron-electron scattering is
fast enough to restore equilibrium between them [15],
the effect of electron-electron interaction can be assumed
as negligibly small compared to those of the other energy
exchange processes.

3. Scattering Rates between Energy Carriers
There may be many kinds of carrier scattering
processes in Si and, therefore, their scatteringmechanisms are very complicated. Due to this inherent
complexity of the phenomena involved in energy carrier
scatterings, several approximations have been made in
this study to simplify the problem. Otherwise, a huge
amount of computation time is needed to calculate their
scattering rates. For simplicity, the column V atom
“donates” a conduction band electron to the system.
Charge balance is nevertheless maintained because the
fixed donor site itself becomes charged (ionized) in
providing carrier to the system [16].
Note that a surplus electron of phosphorus becomes
energy carrier, and charged donor can be treated as an
impurity. The scattering rate of these free electrons and
phonons can be described by the processes of intravalley
and intervalley scatterings [17] that is varied with the

(5)

where  is a constant set as 50 [11], which can be
empirically determined by the best fit to the experimental
data, and i is the scattering cross-section of i-th phonon
band expressed as [11]:
i =  r2 

where ve is the electron velocity caused by both the
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electron energy level. In this study, the electron energy is
assumed as an average electron energy that will be
explained later. This approximation is employed because
electronic band structures are complicated with multiple
valleys or bands at the same or similar energies. The
scattering rates of phonon-phonon interaction we used
here are the same values presented in literature of
Narumanchi et al. [18], that is, frequency-dependent
values are used. The scattering rates between electrons
and phonons are used according to the values as
provided in Ref. 8. As mentioned before, the charged
donors can be treated as impurities, and these scatterings
with phonon are modeled simply as in Ref. 11, which is
proposed by Mazumder et al. [19]:

(6)

where r is the atomic radius of the impurity. This
approach is also applied in estimation of imp,e with the
electron wave number Ke at the Fermi energy (EF),
yielding Ke = 2m* EF / 2 . In view of the interaction
temperature,
the
phonon-phonon
interaction
temperatures and the electron-phonon interaction
temperatures can be calculated by the same method of
Ref. 11.

4. Simulation Method and Validation
4.1. Simulation Method
Because the detailed methodology and calculation
procedures of a set of Eqs. (1)~(2) and Eq. (4)
designated for Si were presented elsewhere [7, 8, 11], the
relevant detail is not repeated here. The finite volume
method [20, 21] is employed to solve the twodimensional BTE. The spatial domain is discretized into
rectangular control volumes, with the angular domain at
any spatial point discretized into nonoverlapping control
angles; the centroid of each control angle is denoted by
the direction vector ŝ . Each octant is divided into N x
N control angles, where N is the number of grid,
subscripts  and  are the polar angle and azimuthal
angle, respectively (see Fig. 1 for details) [22]. Following
the work of Ref. 11, energy conservation is enforced
over each control volume and control angle. The details
of the discretization procedure are described in Refs. 20
and 21.
In this study, the phonon dispersion relations of bulk
Si at room temperature in the [001] direction is used. As
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shown in Fig. 2, the each side of Si is maintained at 320
K and 300 K, yielding the heat flux ( qx ) and the other
sides are assumed to be adiabatic conditions, and then an
electric field is applied. Using the finite volume method
[20, 21], the volumetric energy concentration of each
energy carrier (phonon modes and electrons) is obtained
by solving Eqs. (1)~(2) and Eq. (4), then the heat flux of
each energy carrier is calculated from q ph =

i =1

i i

4

and qe = ve ee for phonon modes and electrons,
respectively. Here  is the solid angle. Now in order to
calculate the electron velocity, we use the assumption of
nondegenerate semiconductor. With this assumption, the
average kinetic energy (Ek) of electrons given by
2
in any conduction band can be
Ek = m* ve / 2
calculated from Ek = 3k BTe / 2 if we consider
nonequilibrium conditions [15, 16]. Here, m* is the
effective mass that is approximated to be m* ≈ md in
case of electronic thermal excitation, where md is the
electron concentration of states effective mass given by
md = (mt2ml)1/3, where mt (mt = 0.196m0) and ml (ml =
0.916m0) denote the transverse and longitudinal electron
mass, respectively, and m0 is the mass of the free electron
[17]. Thus, the electron velocity is given as
2
3kBTe / 2 = m* ve / 2 , yielding the relation of
ve = 3kBTe / m* . In calculation of electron velocity, Te
is calculated from the below:
ee =

Te

 C dT .
e

(7)

Tref

Here the electron specific heat Ce can be assumed to be
constant within a given temperature range from Tref to Te,
and then as a result, Te can be calculated from Te = Tref +
ee/Ce. This approach is also employed in calculating the
phonon temperatures.
In general, when the external force is just an electric
field, it may be assumed that the energy involved in the
drift velocity is negligible in comparison with the thermal
energy, which implies that the drift velocity is small in
comparison with the thermal velocity [23]. In our
calculations, the momentum ( P ) derivative term
( ee / P ) in Eq. (4) is modeled as ve / V , where V is the
volume [24]. The angular resolution in the octant is 6 x 6
and the spatial grids are chosen as 130 x 60 for the Si
layer thickness of 20 nm, 130 x 70 for 50 nm, and 130 x
80 for 100 nm with a uniform mesh size. These grids
provide converged results within 0.1% regardless of the
mesh size.
Using Fourier’s law, the thermal conductivities of
the phonon (kph) and the electron (ke) can be calculated
from

dx

(8)

and
qe = − ke

Nband −1

  v ed 


dTph

qph = −k ph

dTe
dx

,

(9)

respectively. After solving Eqs. (8) and (9), the total
thermal conductivity (kSi) of a Si film can be calculated
from kSi = kph + ke. In this simulation, doping
concentration of intrinsic Si is used as the value of 10 10
cm-3 at room temperature. In our calculations, the
average electron energy, Ee , is calculated from
Ee = 0.4eVa proposed by Pop et al. [25]. They simulated

the ballistic diode by applied voltage (Va) of range from
0.2 to 1.0 V cross the device length of 220 nm, yielding
the corresponding values of electric field from 1 x 106 to
4 x 106 V/m.
4.2. Simulation Validation
The numerical code developed for the present work
is verified by comparing with the results of Ref. 11,
which neglects the influence of the electric fields.
Following the work [11], we calculate three cases with
doping of phosphorus atoms: 1) Thermal conductivity of
intrinsic Si layer as a function of layer thickness; 2)
Thermal conductivity as a function of the doping
concentration and the Si layer thickness; 3) Thermal
conductivities of each phonon and electron as a function
of the doping concentration and Si layer thickness. All
calculations are performed at 300 K in the same degree
of specularity used in Ref. 11, and they are in good
agreement with previous studies [11] (not shown here).
With this validated simulation framework, the influence
of electric fields is included and the simulations are
performed to investigate the electric field and the doing
concentration effects on the electron transport in thin Si
films. Since no experimental study has been conducted to
investigate the contributions of the electrons and
phonons to the thermal conductivity in the various
thicknesses of Si films with the external electric field
applied, we are not able to directly verify our calculations
via comparison with any experimental data.

5. Results and Discussion
Since metals are usually with the doping
concentration well above 1022 cm-3, Si still has the
character of semiconductors at the doping level applied
here even though it is in a heavily doped range of 1 x
1018 to 5 x 1020 cm-3. Therefore, the thermal conduction
is dominated by phonons, and electrons contribute less
to the total thermal conductivity in all cases [26]. Now
we can calculate the change of ke when the electric field
is considered and the doping concentration is varied with
changing Si film thickness. In Fig. 3, we show the rate of
increase in ke as a function of the electric field and the
doping concentration for the cases of Si film’s

ENGINEERING JOURNAL Volume 24 Issue 3, ISSN 0125-8281 (https://engj.org/)

153

DOI:10.4186/ej.2020.24.3.149

Fig. 3. Rate of increase in the electronic thermal
conductivity (ke) with varying Si film’s thicknesses of 20,
50, and 100 nm as a function of electric field and doping
concentration. The increase rates of ke for various values
of Si film’s thicknesses are found to merge nearly into a
single curve that it is almost not distinguishable from
others.
thicknesses of 20, 50, and 100 nm, showing the increase
in ke comparing to the case without the electric fields.
From the figure, we can observe several general features.
First of all, the electron thermal conductivity increases as
the electric field increases, but the degree of increase in ke
by the effect of electric field decreases gradually due to
the increase of impurity atoms when the doping
concentration reaches and over 2 x 1019 cm-3. Since the
doping concentration is directly proportional to the
amount of impurity atoms, the increased doping
concentration definitely leads to decrease in the degree of
increase in electronic thermal conductivity due to
increasing the impurity scatterings. Unexpectedly,
comparing all the cases, the trend of the increase rate of
electron thermal conductivity is almost similar and the
increase rate of ke for various values of Si film’s thickness
are found to merge nearly into a single curve that it is
almost not distinguishable from others. As a result, we
can conclude that the variations of ke caused by both
effects of electric field and doping concentration are
independent of the thickness change of the Si thin film.
To further analyze the simulation results shown in
Fig. 3, the scattering mechanisms of electrons (carriers)
in Si are described schematically in Fig. 4. Electron
scattering can be divided into 4 categories: Energy carrier
like electron meets the other carrier and bulk mean free
path (B) is determined by such a bulk scattering (see Fig.
4(a)). The other hand, when carriers scatter with a
boundary (see Fig. 4(b)), a phonon (see Fig. 4(c)), or an
impurity (see Fig. 4(d)) before the bulk scattering occurs,
their MFPs will be shorter than B. Accordingly, these
154

Fig. 4. Scattering mechanisms of electrons (carriers) in
Si: (a) Bulk scattering; (b) Carrier-boundary scattering; (c)
Carrier-phonon scattering; (d) Carrier-impurity scattering.
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Fig. 5. The MFPs of electrons and phonons in bulk Si
with varying electric field applied at the intrinsic doping
concentration of 1 x 1010 cm-3 at 300 K.

Fig. 6. Average distance between impurities as a
function of doping concentration. The dotted line is only
eye guide.

reduced MFPs (such as R,B, R,P, and R,I represented in
Fig. 4) result in a reduction in energy transfer by the
electrons. In this context, the comparison of each
reduced MFP caused by each scattering mechanism
becomes an important to answer what scattering
mechanism would limit the degree of increase in ke. The
MFP () can be calculated from  = v/eff [1]. Here v is
either the group velocity for phonons or electron velocity
for electrons and eff is the effective scattering rate that
can be estimated by using Matthiessen’s rule [8]. The
comparison of MFPs of electrons and phonons in bulk
Si with varying electric field at the intrinsic doping
concentration of 1 x 1010 cm-3 at 300 K [16] is shown in
Fig. 5. Without electric field case is also represented for
comparison. Generally, phonon MFPs without electric
field are mainly limited by the anharmonic phononphonon interaction [1]. Here an efficient method for the
calculation of electron MFP is employed based on the
average electron energy. As the electric field increases,
electron scattering rate would increase, and consequently,
the electron MFP will be reduced. The change of phonon
MFP also shows same trend with varying the electric
field applied. As shown in Fig. 5, when an electric field is
applied, it can be seen that the minimum length of the
electron MFP is 11.9 nm at 4 MV/m. Figure 6 represents
the average distance () between impurities with varying
doping concentrations. Here  is calculated from

change in film thickness does not affect the degree of ke
increase as shown in Fig. 3. In conclusion, we show that
the carrier-impurity scattering is a dominant scattering
mechanism in Si films, which has improved electrical
properties by doping, under the influence of an electric
field.

{4  (/2) 3/3}∙ e = 1 in a unit volume of 1 cm 3 . As
shown in the figure,  decreases significantly with an
increase in e, and the maximum MFP is 12.4 nm that is
much shorter than the Si film thickness of 20 nm within
the doping concentration range employed in this study.
Since this short  limits energy transfer by electrons, the

6. Conclusion
The effects of electric field and doping concentration
on electronic thermal conductivity in thin Si films at
room temperature are investigated by using an analytical
model based on the Boltzmann transport equation (BTE)
with the relaxation time approximation. As expected, the
electronic thermal conductivity increases as the external
electric field increases. It is generally mentioned that
since lattice vibrations (i.e., phonons) are enhanced with
increasing temperature, electron-phonon scattering
usually dominates the scattering process at high
temperatures; while at low temperatures, lattice
vibrations are weak and defect scattering becomes
important. But we show that the scattering between
carrier and impurity is a dominant scattering mechanism
in Si films at high doping level such as above 1018 cm-3
under the influence of an electric field. The effect of the
electron-phonon interaction on the electronic thermal
conductivity of Si can be neglected because electron
mean free path is significantly reduced due to the
impurity scattering and the effect of electric field. Since
there is no experimental attempt to measure the electron
and the phonon thermal conductivities with the electric
field applied, the result is given of some simplified
concepts that will contribute to a better understanding of
electron transport fundamentals. As a future study, it
would be a valuable work to investigate whether the
variation in electron thermal conductivity under the
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thermal gradient and the electric field can be explained
through the amount of scattering term in BTE.
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