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Abstract. In this paper, we have proposed an analytical body (breast-tissue) propagation
model in terms of scattering parameters towards the design goal of a suitable ultra-wide
band, (UWB) transceiver for early breast tumor detection. The scattering parameters are
reflection (I") and transmission coefficients (T). We considered a heterogeneous breast
model consisting of skin, adipose and glandular tissues as body (breast) channel and planar
wave to propagate through it for UWB frequency range. A tumor layer was also
considered as an inner layer to investigate tumorous tissue effects. Effective dielectric
properties and scattering parameters (through reflected/ scattered or forward transmitted
signals) for the whole breast were determined. Due to dispersive nature of heterogeneous
breast, I' and T vary with frequency; showing their decisive nature for a particular center
frequency of the UWB transceiver systems. In case of 2.0 GHZ and 4.5 GHz center
frequency UWB system, the back propagated (reflected/ scattered) signals showed
approximately 45.45% and 63.3% respectively higher amplitude than forward propagated
signals for the breast channel with tumor, indicating high value of dispersion present in
human breast tissues.
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1. Introduction

Wireless communication has currently received huge amount of attention in biomedical engineering
applications. Profound and probative research is underway to distinguish the behavior of biomedical
communication and organic tissue channel models. The use of UWB transceivers is contemporary in this
area for developing low cost, less invasive and high resolution communication systems.

Communication via human body is quite distinct compared to normal multipath wireless channel. For
an organic medium, electromagnetic (EM) waves have to traverse several layers of tissues, having varying
permittivity and conductivity values before reaching the receiver antenna. The bioelectric propetties of
these tissue layers (i.e. permittivity and conductivity) changes with frequency (dispersion) and time
(relaxation constant). Therefore, obtaining an accurate channel model including the properties and effects
of tissue medium, is very substantial in developing the communication system.

In particle physics and computational electromagnetic, scattering problem is perceived in two ways;
direct scattering and inverse scattering [1]. Direct scattering problem determines the distribution of
scattered radiation based on the characteristics of the scatterer. The inverse scattering problem determines
the characteristics of an object (e.g., its shape, size, constitution) from receiving the signal scattered by the
object. Most of the research work for breast cancer detection is focused in finding solutions to scattering
problems for determining normal and tumor containing tissues [1-4]. Besides of the vast research works
aiming to differentiate between healthy and tumorous breast tissues in excised samples using the
pronounced differences in their scattering profiles. Now demand is to investigate the applicability of this
technique for the recognition of breast tumor in the breast of a patient and the process is still confronting
with many difficulties. Firstly, the data provided from the small-size excised breast tissue samples, normally
in mm scale, is not sufficient to account for multiple scattering effects which affects the shape of scattered
distribution in case of whole breast of normal dimension, is in average 100 to 120 mm. Secondly, it is not
adequate to perform test measurements directly on patients because of the difficulties in correlating the
measured profiles to a specific histopathology in breast tissue. Because of these problems, an alternative
approach for performing research is on breast phantoms. At present, the available breast phantoms have
only been used in mimicking the attenuation properties rather than producing an scattered profile
distribution equivalent to breast tissue [5-9]. Another problem is gap between theoretical and experimental
data values for making breast phantoms. In [10] a simple statistical procedure was developed to reduce the
gap between the theoretical and experimental values for absolute permittivity of breast tissues.

In this paper, human breast phantom is considered for UWB communication system for eatly detection
of breast tumor. The breast phantom data from [5, 8, 9] is used here. We have produced scattering profiles
of this phantom by finding the S-parameters. S-parameters are reflection coefficient (S11) and transmission
coefficients (S12). The scattering parameter values are then used to conceive the outcome of the breast
medium. The results obtained will be used in future for the design of radio frequency RF filters, which can
be employed at the front end in a UWB transceiver.

2. Multilayer Breast Model and Effective Permittivity

Wireless channel involving human body is quite different from a usual multipath channel. This is because,
human body comprises of many layers of tissues and all have different dielectric properties contributing in
the forward and scattered fields. Likewise, human breast is also divided into multiple tissue layers of skin,
fat/adipose and glandular. In case in the presence of tumor cells, another layer is added up in this structure.
Porter, et al. [5] developed practical heterogeneous phantoms by considering individual homogeneous
phantoms for fat, skin, gland and tumor initially. Relative permittivity and conductivity for each phantom
were measured at UWB microwave frequencies of 1 to 6 GHz. They also described a methodology to
experimentally merge four phantoms into a single hemispherical heterogeneous breast phantom. The
different layers of breast tissues with their relative permittivity and conductivity are shown in Tables 1 and 2
[6] respectively.
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Table 1. Relative permittivity values for normal breast [5].

Relative Permittivity Values For:
Frequency

(GHz) Skin  Fat/Adipose Gland Tumor
(F/m) (E/m) (F/m) (F/m)

1.0 40 15 35 59
1.5 39 14.5 34 57
2.0 38 14.2 33 56
2.5 37 14.0 32 55
3.0 36 13.8 31.8 54
3.5 35 13.5 31 53
4.0 34 13.2 30 52
4.5 33 13.0 29 50
5.0 32 12.5 28.5 47
5.5 31 12.0 28 46
6.0 30 11.0 27 45

Table 2. Conductivity values for normal breast [5].

Frequency COI’lduCtiVity Values For:

(GHz) Skin Fat/Adipose Gland Tumor
(8/m) (8/m) (8/m) (8/m)

1.0 0.5 0.5 0.2 0.5
1.5 0.6 0.1 0.5 0.7
2.0 0.8 0.2 0.8 1.2
2.5 1.5 0.3 1.0 2.0
3.0 1.8 0.4 1.5 22
3.5 23 0.5 2.0 2.8
4.0 2.5 0.6 2.2 3.5
4.5 3.2 0.7 2.4 42
5.0 3.8 1.0 2.8 5.1
5.5 4.2 1.2 3.2 5.5
6.0 4.8 1.3 3.8 6.2

Perez [14] in his Ph.D. dissertation (2012) explained the effective channel theory along with the
effective permittivity of multilayer materials using Weiner absolute bounds [15]. He illustrated two cases. In
the first case, incident wave is normal to the interfaces between layers and it was shown that the effective
permittivity is equal to the sum of normalized weighted average function of the reciprocal of the
permittivity values of individual layers. In the second case incident waves were parallel to the multiple layers
and it was shown that the effective permittivity is sum of normalized weighted average function of the
permittivity values of individual layers. In both cases, to any direction of incidence, direction of electric field
vector, E — field, is always normal to the direction of propagation of wave incidence. These cases are
explained in the following subsections.

A. Mathematical Description

The two cases can be correspondingly related to the series and parallel capacitors models (for two-layers)
with known volume fractions. For parallel capacitor model, we have

Eeff = §1€1 + 528 ©)

and for the series capacitor model,
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Eeff T = &6 L+ Epe, 7t 2

where & and &, are the volume fractions of the constituent layers and €; and €, are the permittivity values
of each layer. The constraint equation in this model is

G +5=1 3)

Equation (3) implies that all the components’ volume fractions sum the entire volume of the medium

equal to unity.
B. Pictorial Representation

The example parallel and series plate capacitors models are shown in Fig. 1 in a transversal section with
thickness t; and tz for the corresponding layers. Arrow shows direction of propagation of electric field.

€1 €2 €1 €2
A —
T —‘V Il —
1] LI
tq to t4 to
@) (b)

Fig. 1. Example (a) Parallel and (b) Series capacitor models to find effective permittivity [14].

It was found in [14] that if the interaction of electric field with the material interface is completely
parallel, then Eq. (1) and Fig. 1(a) is the representation of it. However, if the interaction of electric field
with the material interface is completely normal, then Eq. (2) and Fig. 1(b) is the representation.

Making use of these useful results, we take electric field being parallel to the interface of multi-layer
breast. Therefore, Eq. (1) and Fig. 1(a) will be the desired model for finding effective permittivity.

3. Analytical Model for Scattering Parameters

Using Eq. (1) to (3), we can now easily find the effective permittivity for any multilayer medium. This
simplifies the complex problem instead of solving each layer individually but taking it as a whole and
finding the desired S- parameters from permittivity values.

Here we have assumed that incident signal is a plane wave (in the far field of the transmitting antenna)

and it is normal to the dielectric surface. That is electric field (E) vector is parallel to the interface.
A. Calculation of Effective Permittivity
The complex permittivity is defined in [10] as
e =¢ —je’ @)

where €" is the complex permittivity, the relative permittivity € is the real part of complex permittivity, and
dielectric loss factor € is the imaginary part of complex permittivity.
The conductivity, 0 and dielectric loss factor, €' are related as [10]

" o

= ®)

- 21fe,
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In the breast, skin covers 20%, adipose tissue covers 50% of the total breast and the rest 30% is
glandular portion [16-17]. If we ad third layer of tuor in it then the latter normally covers 0.4% of the
glandular part. Therefore, as calculated, the normalized volume fractions are § = 0.2,§, = 0.5, & =
0.26 and &, = 0.04 for skin, adipose, glandular and tumor respectively. Let €;,€,,€3 and €, are the
complex permittivity values of skin, fat, gland and tumor respectively then, using these values from Tables
1 and 2, to Eq. (1) and to (5), we get the complex effective permittivity for the heterogeneous breast with
and without tumor as shown in Table 3 and 4, respectively. From the results in Table 3 and 4, the effective
conductivity for the combined layers for normal and tumor containing breast is calculated using Eq. (5) and

shown in Tables 5 and 06, respectively.

Table 3. Effective complex permittivity for heterogeneous normal breast.

Frequency

(GHz)

Effective Complex Permittivity Values (F/m)

1.0
1.5
2.0
2.5
3.0
3.5
4.0
4.5
5.0
5.5
6.0

25.9650-j0.0057
25.2160-j0.0067
24.5670-0.0139
23.9680-j0.0260
23.6082-j0.0421
23.0190-j0.0637
22.3700-0.0811
21.7710-0.1069
21.1715-j0.1458
20.6720-j0.1833
19.5730-10.2292

Table 4. Effective complex permittivity for tumor containing breast.

Frequency Combined Effective Conductivity Values

(GHz) (S/m)
1.0 0.3174x10-3
1.5 0.55909x10-3
2.0 0.0015
2.5 0.0036
3.0 0.0070
3.5 0.0124
4.0 0.0180
4.5 0.0268
5.0 0.0406
5.5 0.0561
6.0 0.0765

Table 5. Effective conductivity for heterogeneous normal breast.

Frequency
(GHz)

Effective Complex Permittivity Values

(F/m)
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1.0
1.5
2.0
2.5
3.0
3.5
4.0
4.5

28.3250-10.0060
27.4960-j0.0072
26.8070-j0.0152
26.1680-j0.0288
25.7682-10.0457
25.1390-j0.0691
24.4500-10.0889
23.7710-j0.1174
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Frequency Effective Complex Permittivity Values

(GHz) (F/m)
5.0 23.0515-j0.1600
5.5 22.4120-j0.2002
6.0 21.3730-j0.2499

Table 6. Effective conductivity for heterogeneous tumor containing breast.

Combined Effective

Frequency Conductivity Values

(GHz) (S/m)
1.0 0.33379x10-
1.5 0.60082x10-
2.0 0.0017
2.5 0.0040
3.0 0.0076
3.5 0.0135
4.0 0.0198
4.5 0.0294
5.0 0.0445
5.5 0.0613
6.0 0.0834

B. Calculation and Simulation of Reflection and Transmission Coefficients

Following the instance of [18] analytical expressions of reflection coefficient, Sq; and transmission
coefficient S15 are

= eg)” (k) j2tko o (jatk, —1)
Sll - (ko+k1)29j4t(k1)—(k0—k1)2 elstKo el 1 (6)
_ Koks k)

S12 = (Ko +kp) 214D _ (kg—k, )2 4ei2t(kotky o

where

w
=) ®
and
AN 2 i

k, = |e (a) — jwleo o

with  Cq is the speed of electromagnetic waves in vacuum;
w is the operating frequency of communication;
€ is the real part of the effective permittivity;
tis the total thickness of the combined layers.

Derivations of Eq. (6) and (7) are provided in the Appendix for better understanding. Using Eq. (6)
and (7), analytical values of the reflection and transmission coefficients can easily be obtained for the
human breast model presented in Tables 3 and 4. The obtained numerical results are shown in Figs. 2 and 3
for UWB frequency band of 1 to 6 GHz. In these simulations following observations can be made readily:
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The simulations are made from 1 to 6 GHz because of the availability of data from [5] for these
frequency ranges only.

Reflection and transmission coefficients are exactly 180° phase shifted at any frequency.

The trend of reflection and transmission coefficients are not constants but vary as the frequency
vaties. This is the process of dispersion.

The variations are directly related to variations in permittivity values as indicated by Eq. (6) and (7).
It is also seen that the trends are highly nonlinear. This is because the breast channel is a non-linear
channel.

The consideration of operating frequency is very important. The behavior at one frequency is not
similar as that of the other frequency.

Analytical Results of Reflection and Transmission Coefficient for Normal Breast
1 T T T T T

| —6— Reflection Coefficient

0.9 o X ] =+ Transmission Coefficient |

q
0.8%--
0.7
0.6 -

4
0.5

S-parameters Amplitude

0.4

0.3

02 i L ‘
1 1.5 2 25 3 3.5 4 4.5 5 55 6

Frequency (Hz)

Fig. 2. Trends in reflection and transmission coefficients for normal breast.

Analytical Results of Reflection and Transmission Coefficient for Tumor COntaining Breast
1 T T

; —©&— Reflection Coefficient
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Fig. 3. Trends in reflection and transmission coefficients for tumor containing breast.

4. Conceiving Channel Impulse Response of Human Breast

Determination of reflection and transmission coefficients is useful in determining output behavior of the
channel. To observe the channel behavior, we simulated the transmission of a Gaussian pulse (as planar
wave) through the breast model.

The considered zero derivative Gaussian can be formulated as
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(59
Eq(t) = —e ' s (10
Here t is the offset value of time (constant) and ¢ is the spreading factor (also constant).

UWB antennas are characterized to transmit next higher order derivative of the incident signal into the
channel [20-22]. Therefore, in an actual system if this pulse is input to an antenna then its 15t derivative will
be forwarded in to the channel. We used Matlab function gmonopuls ( ) for UWB center frequency of
4.5GHz with ¢ = 2 and ty = 0 s to generate the first order derivative of Eq. (10) , as shown in Fig. 4.

Gaussian Monopule

0.6
0.4+

0.2

Signal Amplitude [V]
o

0.2

0.4

4 | |

-1.5 -1 -0.5 0 0.5 1 1.5
Time [s] x10™°

Fig. 4. First derivative Gaussian pulse generated in time domain for 4.5 GHz UWB center frequency.

The pulse in Fig. 4, is transmitted through the human breast to generate the reflected and transmitted
waves. If G(f) is the gain of the breast channel, X(f) is the frequency domain representation of the time
domain input signal x(t) then output Y(f) is the frequency domain representation of time domain output
signal y(t), and the later can be found as follows:

Y(£) = GHX(®) an

Its time representative

y® =F~1(Y(D) 12)

Here, F~1 is the inverse Fourier transformation.

This is simulated for two ends of frequencies in the UWB band. One is lower with center frequency of
the transmitted pulse to be equal to 2 GHz. Second simulations were carried out for higher end of UWB
frequency set at 4.5 GHz.

4.1. Results of 1st Derivative Gaussian Pulse for Lower End of UWB

We simulated the breast channel, for backward and forward propagation gains in Figs. 5 and 6. The channel
gains for backward propagation obtained from reflection coefficients at 2 GHz UWB center frequency are
0.8246 and 0.8098 for normal and tumorous breast respectively. Similarly, the channel gains for forward
propagation obtained from transmission coefficient at same frequency are 0.5496 and 0.5691 for normal
and tumorous breast respectively. The output (or received) signal y(t) is shown in Figs 5 and 6 for normal
and tumorous breast respectively.
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Comparison of Incident, Transmitted and Reflected Signals in Normal Breast
\ \

0.8

0.6

0.4

0.2

Amplitude values

Incident pulse
Transmitted pulse
* Reflected pulse

(e

Fig.5. Comparison of incident, reflected and transmitted pulse for normal breast at 2.0 GHZ UWB center
frequency.

Comparison of Incident, Transmitted and Reflected Signals in Tumor Containing Breast

A |
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0.4 |

Amplitude values
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Incident pulse
~+- Transmitted pulse |
© @ Reflected pulse

-4 -3 2 -1 0 1 2 3 4
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Fig. 6. Comparison of incident, reflected and transmitted pulse for tumor containing breast at 2.0 GHZ
UWB center frequency.

4.2. Results of 1st Derivative Gaussian Pulse for Upper End of UWB

We further simulated the breast channel, for backward and forward propagation gains in Figs 7 and 8. The
channel gains for backward propagation obtained from reflection coefficients at 4.5 GHz UWB center
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frequency are 0.3127 and 0.7558 for normal and tumorous breast respectively. Similarly, the channel gains
for forward propagation obtained from transmission coefficient at same frequency are 0.6426 and 0.4312

for normal and tumorous breast respectively. The output (or
for normal and tumorous breast respectively.

received) signal y(t) is shown in Figs 7 and 8

Comparison of Incident, Transmitted and Reflected Signals in Normal Breast

1
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Fig. 7. Comparison of incident, reflected and transmitted pulse for normal breast at 4.5 GHZ UWB center

frequency.

Comparison of Incident, Transmitted and Reflected Signals in Tumor Containing Breast
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Fig. 8. Comparison of incident, reflected and transmitted pulse for tumor containing breast at 4.5 GHZ

UWB center frequency.

It is observable from Figs 5 to 6 that however transmitted pulse from the antenna is always lower in
amplitude as compated to the reflected signal in a normal breast and for a tumor containing breast. This is
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observable from the amplitude markers A1, A2, and A3. Their corresponding amplitude values are directly
interpretable from Figs. 5 and 6.

It is observable from Figs 7 to 8 that however transmitted pulse from the antenna is higher in
amplitude as compared to the reflected signal in a normal breast but it is reverse for a tumor containing
breast i.e. reflected signal is higher in amplitude in this case. This is observable from the amplitude markers
Al, A2, A3 and B1, B2, B3 in Figs 5 to 7, respectively. Their corresponding amplitude values are directly
interpretable from Figs. 7 and 8.

The percentage difference between two quantities is defined as the absolute value of the difference
between the two scalars, divided by the mean of those two scalars, multiplied by 100%.

|difference of values]|

percent difference = (13)

average of values

In the case of tumor containing breast, at 2.0 GHz (Fig. 6), the amplitude of reflected pulse is

approximately Az = 0.81 units and amplitude of transmitted signal is approximately A, = 0.58. Therefore
Eq. (13) is

dife _ ]0.81—0.51]
percent difference = m
2
= 45.45%

Hence, from the simulations shown in Fig. 6, reflected signal is approximately 45.45 % higher in amplitude
compared to the transmitted signal.

In the case of tumor containing breast, at 4.5 GHz (Fig. 8), the amplitude of reflected pulse is
approximately Az = 0.79 units and amplitude of transmitted signal is approximately A, = 0.41. Therefore,
Eq. (13) is

diff _ [0.79 — 0.41]
percent 1rterence = W
2
= 63.33%

Hence, from the simulations shown in Fig. 8, reflected signal is approximately 63.3 % higher in amplitude
compared to the transmitted signal. The amplitude of reflected and transmitted signals are directly related
to the gain, i.e. Sy1 and Sq,, values obtained from the curves in Figs. 2 and 3. It can be seen in these Figs
that these S1q and Sy, values show dispersive behavior with respect to changing frequency. Thetefore, by
obtaining the characteristic cutves of Sy1 and S5, we can easily determine to select reflected/scattered or
transmitted signal in the design of the transceiver system.

5. Conclusion

In this paper work has been carried out to successfully determine effective dielectric properties and
scattering parameters characteristics for lower end of UWB frequency band using analytical formulations of
heterogeneous human breast. It is found that due to dispersive nature of breast, reflection and transmission
coefficients also show dispersion with frequency change. For normal breast reflected/scattered signal was
low but in the case of tumor containing breast reflected signal was remarkably high as compared to the
transmitted signal. Hence for the early detection of breast cancer, it is more advantageous to design
transceivers which work on the principal of back-propagation (capturing reflected signals). To design the
transceiver for whole UWB range the characteristic reflection and transmission coefficient curves that we
have obtained here, can be used as a guideline to determine the use of reflected or forward propagated
signals for the communication link through the breast at any center frequency in the UWB band.
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Appendix

In order to derive the analytical expressions for transmission and reflection coefficients, we consider the
scenario shown in Fig A-1. This is divided in three regions. They are ‘0’, ‘1> and ‘0’ for the incident, channel
and forward transmitted regions respectively. Here, ‘0’ indicates the air region and ‘1’ indicates the body
tissue medium. These regions are separated by boundaries named A and B. Region 0 is the region where
incident signal comes, and incident signal Yy, = 1. It is then forward propagated and reflected as shown
in the Fig A-1 with respect to the reflection coefficients and transmission coefficients defined at the
boundaries A and B. Some important definitions used in this derivation are:

rg; = reflection coefficient at interface A between regions 0 & 1;

rip = reflection coefficient at interface B between regions 1 & 0;

to1 = transmission coefficient at interface A between regions 0 & 1;

t1p = transmission coefficient at interface B between regions 1 & 0;

k; = propagation constant for region 1 with zero attenuation;

ko = propagation constant for region 0 with zero attenuation;

a = thickness of channel / region 1.

0 A | B 0
Yine =1
- (-jk1a)
r gtikod tOle( Jk1a) tiotor€
o >
j2kia
TlotOIe(} 1a)
; ; t1oT10 b€ T342D
T (2k,0) 2 (—j3kya)
 bioTiotor T19"to1€ -
- >
3 —j4kqa
Tio t01e( j4kqa)
i . toor oAt e(-i5k1a)
4 —jsk 10710 lo1
t10T10° tor€UH1D Tyo*te €5
o »
) / g

Fig. A-1. Wave functions resulting from the incident Jr signal by successive transmission and reflection.
Total transmitted sighal Yirans comes out can be defined as,
Wtrans = t1oto1€7M1® + tyoryo?ter (7359 + t1gr gty e(I5ka) 4 ... (A1)
Simplifying Eq. (A.1), we have
Wirans = t10t01e(_jk1"")[1 + ryp2e(tizkia) 4 4e(-izkia) 4 o] (A2)

By applying summation on the geometric series inside the braces in Eq. (A.2) and using the definition,

that I'10 = - I‘01 , WeE have
_ t10t01e(—jk13)
l‘ljtrarls - [1_r01ze(—j2kla)] (A'3)
We know that
ko = (2) (A.4)
Co
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2
[ W -
ky = \/s (a) — jopgo (A.5)
and refractive index n and propagation constants k are related by

n= ;k (A6)
where Cis the speed of light or EM waves in the vacuum, and w is angular frequency of EM wave and K is
the propagation constant for any medium.
Propagation constant and reflection coefficient at the boundaties are defined by

_2ny _ 2ng _ (ng—ny)
t10 = (n1+ng) tor = (no+n1)'r01 - (n0+n1)} A7)
Taking% as constant at a particular frequency and using Eq. (A.6) in Eq. (A.7), we have
C C C C
261(1 Zako (Bko_akl)
bo=—¢c— ¢ vt~ "¢ — ¢, T ¢, c. -
(ki + ko) (ki + ko) (G kot k)
which after simplification becomes
. 2kg _ 2k _ (ko—kyp)
40 = vy 101 = Trt 101 = Geri)) A8)
Putting the values of t1g, tg; and Iy in Eq. (A.3) we have after simplification as
4k, koeTTkid)
Werans = e(iZkad)[e(2kad) (k, + ky1)? — (ko — ky)?]
ot
_ 4k, koe(k12)
Werans = [oG280m (i her)?— g ke A9

Since the incident signal Yine = 1, then Eq. (A9) is the transmission coefficient as, transmission
coefficient, T, is

Wtrans
T=—"=" Al
ll’inc ( O>

In general, for any other incident signal with phase term defined with Yine = e(1k0d) | then
transmission coefficient of Eq. (A.9) becomes

4k, kye(K12) (ko)
" [e02k13) (kg +ky)2—(ko—kq)?]

(A.11)

If the medium in region 1 is symmetric then the thickness of this region can be considered as a = 2t,
then Eq. (A.11) becomes,

_ 4k, kyel2tk1+ko)
T= [e04K1D) (ko +kq)Z—(ko—Kq)2] (A.12)

In a similar manner like written as in Eq. (A.13) and Fig. A-1, the received signal, Yrec can be followed
by the final version as in Eq. (A.14).
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_ (2kqa)
_ To1~To1€
quec - [1—r012e(j2kla)] (A13)

(koz_klz)(ejzkla_l)
[eG2Kk1d) (ko +k1)2—(Ko—K1)?]

Yrec = (A.14)

Since the incident signal Yjne = 1, then Eq. (A.14) is the reflection coefficient, because the reflection

coefficient, I, is

Yrec
I'=—— A.15
Winc ( )

For any other incident signal with phase Yipe = e(TTkod " the reflection coefficient in Eq. (A.14)

becomes

_ (ko?~ky*) (R0 (el2kaa 1)

™ [eG2K13) (ko k)2 — (ko —ky ) 2] (A.16)
Followed by for a symmetric medium Eq. (A.16) becomes
2 1. 2\(ai2Koty(ajdkit_
S e e (A17)

[eG4K1D) (kg+k1)2—(Ko—Kq)?]
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