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Abstract. XY gantry systems play an important role in many applications in diverse 
industries, where they are used to position a part or tool along the xy plane within the 
working area of the system. The increased demand for enhanced performance and low 
cost of XY gantry systems has driven research to develop alternative structural designs and 
improve their capabilities. A two-axis, parallel H-frame XY positioning system (H-Bot) is 
of increasing interest as a candidate for development due to its low number of moving 
parts, lightweight, low cost and speed of the system. However, the system has an 
uncertainty of cart or end-effector position when moving at high speed because of the 
friction and flexibility of the elastic timing belt. The H-bot developed here using an 
adaptive gain control showed a good repeatability and improved accuracy, reducing the 
root mean square error between the desired and the actual trajectory of 32.7% and 53.2% 
on the x-axis and y-axis, respectively, for drawing a 80 mm diameter circle in 36 seconds. 
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1. Introduction 
 
XY gantry systems play an important role in many applications in diverse industries, where they are used to 
position a part or tool along the xy plane within the working area of the system. Many varied types of 
applications, such as pick-and-place, dispensing, cutting, welding or automation, require the system. 
Currently, most XY gantries consist of linear stages, ball/lead screws or timing belts. By stacking linear 
stages on top of each other and perpendicularly aligning them, an XY gantry system is made [1]. The XY 
gantry systems with this configuration are widely used in industry because of their reliability, resolution, 
repeatability and accuracy [2]. 

It is clear that the performance of this type of gantry system is outstanding [3-6]. However, systems 
with this configuration still have some disadvantages. Their size is large and they require a high power 
motor because one linear stage always needs to carry the other stages. Thus, the speed of this system is low 
[1]. Moreover, additional components are required, such as an energy chain (E-chain) system for the wiring 
system of the linear stage which is installed on the others. Also, their cost is quite high because of their 
components and the structural design of their system. 

The increasing demand for enhanced performance and low cost of the XY gantry systems has driven 
research to develop alternative structural designs and improve their capabilities [7]. A two-axis, parallel, H-
frame XY positioning gantry system (H-Bot) is one example that has become of increasing interest to 
develop its performance [1, 7-10] due to its lower number of moving parts, lightweight, low cost and high 
speed. 

The configuration of the H-Bot is shown in Fig. 1. The system consists of two parallel linear guides 
and one linear guide perpendicular to them to from an H-shaped frame. Then, two motors are installed on 
the H-shaped frame and connected by a single circumferential timing belt. With this configuration, the 
motors are stationary and the guides are in the same plane. Only a cart or end-effector with a small mass is 
moved, and so the system is potentially capable of fast acceleration and has a low inertia [1, 5]. 
 

 
Fig. 1. Layout of the H-Bot/H-frame configuration. 
 

Even though the configuration of the H-frame XY positioning system is suitable to handle industrial 
work, the system still has disadvantages. The flexibility of the elastic timing belt causes a stretching problem, 
while the system has a nonlinear friction increasing with speed, which causes an uncertainty in the cart or 
end-effector location when operated at higher speeds [1, 8]. Therefore, it is necessary to develop algorithms 
and techniques to improve the performance of the H-frame XY positioning system. 

To investigate the performance of the H-frame XY positioning system, a simulation model with 
friction and elasticity effects has been developed previously in Matlab Simulink to study the behavior of the 
system [7], where the system was found to have a good repeatability. In order to apply a control strategy for 
the system, dynamic models to describe the system have been developed [1, 9], which initially used a 20 
degree of freedoms (DOFs) linear model based on a lumped-parameter model of the system [9]. 
Subsequently this was simplified to a high-order linear model with eight DOFs and included the friction 
force and torque [1]. These models were able to predict the response stage.  
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To improve the accuracy of the position of the H-frame XY positioning system, a closed-loop control 
with proportional integral derivative (PID) controller was applied [1, 9], while a nonlinear PID with four 
DOFs model was developed to control the system [8]. Overall, these controllers seemed to improve the 
accuracy of the H-bot. 

Although other researchers have tried to solve the elastic drive and friction problems, these were not 
applied to the H-frame XY positioning system. For example, elimination the elastic transmission effect 
using a feed-forward compensator and fuzzy-logic base [11, 12], improving the accuracy of the position by 
compensating the friction with an adaptive control [13], and designing an estimator to estimate the friction 
of the system and compensate for it [14, 15]. 

The application of diverse techniques, such as using high order dynamic model or applying nonlinear 
control techniques, have been applied to improve the performance of the H-frame XY positioning system 
with some success [1, 7-10], but none of these have applied adaptive control gain on the H-frame XY 
positioning system. Thus, this study investigated the use of adaptive control gain to improve the accuracy 
of the cart or end-effector of the H-bot system.  

The systematic design of the control system was composed of the three steps of the (i) kinematic 
model of the H-frame XY positioning system, (ii) low level PID control and (iii) high level adaptive gain 
control. This report is accordingly organized as follows. Section 2 describes the design and implementation 
of the H-frame XY positioning system, as well as the experimental setup and kinematic model. Section 3 
investigates the accuracy of the system with a simple PID controller. Section 4 presents the constant gain 
control and adaptive gain control along with the results of their evaluation in use, and finally Section 5 
presents the conclusions of this study. 
 

2. The H-Frame XY Positioning System 
 
2.1. The Setup of the System 
 
The developed H-frame XY positioning system is shown in Fig. 2. It consists of two parallel linear guides 
and one linear guide perpendicular to the parallel linear guides to form a H-shaped frame. A pulley was 
installed on each end of the parallel linear guides, while there were two pulleys on each end of the 
perpendicular linear guide. The diameter of all the pulleys was 12 mm and a timing belt was guided around 
these eight pulleys. Two 24-V DC motors (Escap 28DT2R 12 222 E 103) were installed at the end of the 
parallel linear guides and were equipped with optical encoders (HEDS-5500 C11) with a resolution of 100 
pulses per revolution. The overall size of the system was 530 x 660 mm with a workspace of 340 x 330 mm. 
 

 
(a) 

 
(b) 

 
Fig. 2. Components of the (a) system and (b) sensor (wireless pen mouse and mouse table). 
 

To control the position of the motors, a control box was designed using an 86Duino One 
microcontroller and two VNH5019 motor drivers plus a motor driver carrier. This controller box also had 
a serial port and TCP/UDP port for communicating with a PC. Then, the low level control was developed 
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on the controller box and the high level control was developed on the PC. The architecture of the system 
control is shown in Fig. 3. 
 

 
Fig. 3. Control architecture of the system. 
 

In order to improve the accuracy of the system, a wireless pen mouse and mouse table (G-Pen F509 by 
Genius) were installed on the system, as shown in Fig. 2(b). The resolution of this sensor was 2000 lines per 
inch (LPI) and its size was 133 x 222 mm. With this sensor, the position of the cart or end-effector could 
be measured. 
 
2.2. Kinematic Modeling 
 
The relationship between the angles of the two motors and the xy position of the end-effector is reported 
in this section. The coordinate and axis of the system is shown in Fig. 1. Based on the configuration of the 
system, turning only one motor causes the end-effector to move in a ± 45° direction in the xy-coordinate 
system. Rotating motors 1 and 2 in a positive direction (counterclockwise) causes the end-effector to move 
along a negative x direction, while rotation of motor 1 in a positive direction and motor 2 in a negative 
direction (clockwise) causes the end-effector to move along a positive y direction. Then, by varying the 
amount of rotation of each motor, a motion in any xy path can be generated. 

The relationship between the angles of the two motors and xy position of the end-effector can be 
described with the kinematics, as shown in Eq. (1): 

[
 
 ]  
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]  (1) 

where   and   are the position of the end-effector in the xy coordinate,    and    are the angle rotation of 

the motor 1 and motor 2, respectively, and   is the pulley radius. 
 

3. PID Control and Pre-Test 
 
In order to obtain the desired trajectory of the end-effector, the angle of rotation of the motors needs to be 
calculated to generate the trajectory, and so the inverse kinematic of the system is required, which is shown 
in Eq. (2): 
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By controlling the angle rotation of the motors, the desired path can be achieved. 
In this section, the H-frame XY positioning system was investigated with a simple standard PID 

control to evaluate its accuracy. Only the signals from the motor encoder sensors were used to feedback to 
the controller. The wireless pen mouse and mouse table were used to record the position of the end-
effector for evaluating the position.    

To obtain high speed control, the low level PID control for position control of the motor was designed 
in the 86Duino One control box. The PID controller is shown in Eq. (3) [16, 17], while the desired 
trajectory and the calculated angle rotation of the motors was computed on a PC using the Matlab Simulink 
Desktop Real-Time software. The control box and the PC communicate via their UDP port. The low and 
high level controls can achieve a sample rate at 1000 Hz and 100 Hz, respectively (Fig. 4). 
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where   is the discrete step at time  ,   ,   ,    are the constant gains,   is the input,    is the measured 

error, and   is the measured output. 
 

 
Fig. 4. Control architecture for the PID pre-test. 
 

The low level PID control was designed for controlling the motor position, where the motor encoder 
position was measured and used to calculate the feedback control. The Ziegler-Nicholes method [16, 17] 

was used as the online tuning strategy. The    and    gains were initially set to zero, and then the    gain 

was increased until a sustained and stable oscillation was obtained on the output encoder position. The    , 

  , and    gains could then be adjusted accordingly using the Ziegler-Nicholes table [16, 17]. In addition, 
the PID parameters were tuned such that the output response of the encoder had a low overshoot, low 
stead state error, and low setting time with the step input command. This technique was applied on both 
motors of the system. 

To investigate the accuracy of the H-frame XY positioning system, the desired circle trajectory of the 
end-effector and the angle rotation of the motors were computed using the Matlab Simulink Desktop Real-
Time software and sent to the control box. The position of the end-effector was then recorded by the 
wireless pen mouse and mouse table. The program Simulink is shown in Fig. 5. The diameter of the circle 
trajectory was 80 mm and the time to draw it was ~36 s. 

 
 
Fig. 5. Matlab Simulink for the Pre-Test. 
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The position of the end-effector and the desired trajectory are compared in Fig. 6(a), where the actual 
trajectory (red-line) of the end-effector did not completely overlay the desired trajectory (blue-line). The 
trajectory of the end-effector after drawing a circle ten times is shown in Fig. 6(b), where each trajectory 
was almost coincident, and so the reproducibility of the system was good. 
 

 
(a) 

 
(b) 

 
Fig. 6. The trajectory of the end-effector with a simple PID controller after drawing (a) one and (b) ten 
circles. 
 

To see the error of each axis of the system, the root mean square error (RMSE) of each axis and each 
trajectory were computed, and are summarized in Table. 1. The standard deviations of RMSE of the x-axis 
and y-axis were very small, confirming that the repeatability of the system is good, but the mean RMSE was 
high. Thus, a simple PID controller with encoder feedback may be not suitable for this system, and so in 
Section 4 a technique to improve the accuracy and reduce the mean RMSE of the system is presented. 
 
Table 1. Root mean square error (RMSE) of 10 trajectories. 
 

RMSE (Pixels)a x-axis y-axis 

Mean of RMSE 12.76 6.05 
Standard Deviation of RMSE 0.44 1.09 

Maximum RMSE 24.73 17.41 
aNote: 1 millimeter is approximately 7 pixels. 
 

4. System Control 
 
The pre-test results (Section 3) revealed that the system had a good repeatability, and so the mean RMSE 
can be compensated by constant and adaptive gain controls. Based on the model described in section 2.2, 
due to the friction, elastic transmission effect and so on, the relationship between the measured and desired 
position can be modeled with a nonlinear equation, as shown in Eq. (4): 

[
    

    
]   (             ̇  ̇  ̈  ̈    ) (4) 

where      and      are the measured position which is obtained by the wireless pen mouse and mouse 

table,     and     are the desired position or input position,    and   are the actual position of the end-

effector, and   is the time. To make the problem simple, Eq. (4) may be simplified to a linear measurement 
equation as Eq. (5): 
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where   is the matrix in     . If the matrix,  , is an identical matrix, then          and         . 

However,   is not an identical matrix and so to make the measurement position equal to the desired 
position a new desired position is given by Eq. (6): 
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]  
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where         and         are the new desired position or new input position, and   is the inverse matrix 

of  . Thus, the inverse matrix ( ) should be estimated. 
 
4.1. Constant Gain Control 
 

The parameters,    ,    ,    , and     can be estimated by the linear least squares algorithms [18, 19]. 
The linear least squares equation is defined by Eq. (7): 

 ̂  (   )     ̃ (7) 

where  ̂ is the estimated parameter vector,  ̃ is the measured vector, and   is a matrix shown in Eq. (8): 
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Note:  ̃ is the measured vector of the desired position because the measurement of the position should be 
equal to the desired position. 

By using the desired trajectory data and the measurement position of the end-effector (Section 3), the 

parameters    ,    ,    , and      can be estimated. Then, the feedforward input equation is defined by 
Eq. (9): 
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] (9) 

The architecture of the constant control gain is shown in Fig. 7, and the design path presented in 
Section 3 (an 80 mm diameter circle) was then used to evaluate the controller. 

 

 

(a) Control Block Diagram (b) Control Flow Chart 

Fig. 7. Control architecture of the constant gain control. 
 

Following the same 80 mm circle drawing test, there were still some segments that were not coincident 
to the desired path (Fig. 8). However, the RMSE of the trajectory (Table 2) were smaller than the trajectory 
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without the constant gain controller, and so the constant gain controller could increase the accuracy of the 
system. 
 

 
Fig. 8. The trajectory of the end-effector with a constant gain controller. 
 
Table 2. RMSE of the trajectory with a constant gain controller. 
 

RMSE (Pixels) x-axis y-axis 

RMSE 10.71 3.86 
Maximum RMSE 20.41 9.55 

 
4.2. Adaptive Gain Control 
 
In this case, the relationship between the actual (measured) and desired position was modelled with a linear 
time-varying model, as in Eq. (10): 

[
    

    
]   (   ) [

   

   
]  (10) 

where  (   ) is a varying matrix. Then, the adaptive gain equation becomes Eq. (11): 
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] (11) 

where  (   ) is a varying inverse matrix of  (   ). The inverse matrix  (   ), can be estimated from 
the recursive least squares (RLS) algorithm [20, 21], which  can be formulated in the parameter 
identification form shown in Eq. (12): 

 ̃( )    ( ) ̂( )   ( ) (12) 

where  ̃( ) is the measured output,   ( ) is the input regression vector,  ̂( ) is the vector of estimated 

parameters, and  ( ) is the identification error between the measured output  ̃( ) and estimated value 

  ( ) ̂( )   
The RLS algorithm was used to iteratively update the unknown parameter vector  at each sampling 

time by using the past input ( , ) and past output ( , ) from the wireless pen mouse and 

mouse table and the input regression vector . The RLS updates the unknown parameters so as to 
minimize the sum of the squares of the modeling errors [20, 21]. The RLS algorithm is presented as follows. 
From Eq. (13): 
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The updated gain  ( ) is computed by Eq. (14): 
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 ( )  
 (   ) ( )

    ( ) (   ) ( )
 (14) 

where  ( ) is the covariance matrix.  The calculation of the covariance matrix is defined by Eq. (15): 

 ( )  
 

 
[ (   )  

 (   ) ( )  ( ) (   )

    ( ) (   ) ( )
] (15) 

where    is the forgetting factor. Finally, the updated parameter vector,  ̂( ), is given by Eq. (16): 

 ̂( )   ̂(   )   ( ) ( ) (16) 

The parameter,  , in Eq. (14-15) is the forgetting factor which reduces the influence of the old data which 

may no longer be relevant to the model. It also prevents a covariance windup problem. From  , the 

parameter vector ( ̂( )) can quickly track changes in the model. Normally, the value of   is between 0.9 

and 1. A small value of   means the contribution of the previous samples is small and the parameters 

converge quickly, whereas a large value of   will increase the sensitivity of the estimation to noise and may 

cause the parameter estimates to become oscillatory. Thus, with an appropriate value of    a fast tracking 
ability and immunity to noise can be optimized. The architecture of the adaptive gain control is shown in 
Fig. 9. 
 

 
(a) Control Block Diagram 

 

 
(b) Control Flow Chart 

 
Fig. 9. Control architecture of the adaptive gain control. 
 

Then, the H-bot with the adaptive gain controller was used to draw the designed 80 mm diameter circle 
as before (Section 3) to evaluate the controller. The results (Fig. 10 and Table 3) revealed that the actual 
path of the end-effector was almost coincident to the desired path and the RMSEs of the trajectory were 
smaller than those of the trajectory without the controller (Fig. 6(b); Section 3) and the trajectory with the 
constant gain controller (Fig. 8; Section 4.1). 
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Fig. 10. The trajectory of the end-effector with an adaptive gain controller. 
 
Table 3. RMSE of the trajectory with an adaptive gain controller. 
 

RMSE (Pixels) x-axis y-axis 

RMSE 8.21 2.83 
Maximum RMSE 14.33 5.83 

 
The circle drawing was complete within ~38 s with the simple PID controller, which was slightly 

slower than with the constant or adaptive feedforward controllers at ~36 s (Fig. 11). The adaptive gain 
control was the most efficient at reducing the RMSE of drawing the circle, where it reduced the RMSE by 
32.7% and 53.2% on the x-axis and y-axis, respectively, compared to only 16.1% and 36.2% on the x-axis 
and y-axis, respectively, with the constant gain control (Table 4). 
 

 
Fig. 11. Comparison of the time to complete drawing a circle of each controller. 
 
Table 4. Comparison of the percentage of RMSE reduction. 
 

RMS Error 
PID Control  Constant Gain  Adaptive Gain 

x-axis y-axis  x-axis y-axis  x-axis y-axis 

RMS Error (pixels) 12.76 6.05  10.71 3.86  8.21 2.83 
% of  RMS Error Reduction 0 0  16.1 36.2  32.7 53.2 
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For a more complex pattern test, Fig. 12 shows an example of drawing a figure eight-shaped trajectory 
with the adaptive feedforward controller and PID controller, where the trajectory with the adaptive 
feedforward controller was closer to the designed trajectory than the trajectory with the PID controller. 
 

  
Fig. 12. The trajectory of the end-effector with an adaptive gain controller or a PID controller. 
 

5. Conclusions 
 
A two-axis, parallel, H-frame XY positioning system (H-Bot) was developed due to the demand for 
industrial applications. However, the system has an uncertainty of cart or end-effector position when 
operated at high speed because of the friction and flexibility of the elastic timing belt. Thus, a controller 
was developed to increase the accuracy of the system. The results revealed that the PID or, especially, the 
adaptive gain controllers can reduce the RMSE between the desired and the actual trajectory. The constant 
gain PID control reduced the RMSE by 16.1% and 36.2% on the x-axis and y-axis, respectively, when 
drawing an 80 mm diameter circle, whereas the adaptive gain control was the most efficient, reducing the 
RMSE by 32.7% and 53.2% on the x-axis and y-axis, respectively, for drawing the same circle. Also, the 
actual path of the end-effector was almost coincident to the desired path. 
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